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1. INTRODUCTION

The nth integrated Meyer—Konig and Zeller operator A, neN (see
[17), associates with a real valued Lebesgue integrable function f defined

on I=[0, 1], the function series

Mfix)= 3

k

M) | (1) di,

0
converging for 0 < x < 1, with

k+1
Ik:[ k +

—_— keN,
n+k’n+k+1} €

and

M (x)=(n+1) <”+2“>xk(1 —x)".

M (f, x) can be written as a singular integral of the type
. 1
W(fx)= | Hx 1) f(0) d
with the positive kernel

Hyx =S Mo(x)zalt),

k=0

245

(1.1)

(1.2)

(1.3)
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where y, denotes the characteristic function of the interval [, with respect
to I. M ,(f, x) is linear, positive, and satisfies

j CH(x, 0 di=1 (1.4)
0

The sequence {M,:ne N} generates a linear approximation method on the
normed spaces L,(I), 1 < p< .

R. Bojanic [2] gave the rate of convergence for Fourier series of
functions of bounded variation. Fuhua Cheng [3] gave the result of this
type for the Bernstein operator. In this paper, using some results of
probability theory, we shall give an estimate for the rate of convergence of
(1.1) for functions of bounded variation. In the last part, we shall prove
that our estimates are essentially the best possible.

2. LEMMAS

The proof of our result is based on following lemmas.

LemMa 1. If {&.}, ke N, are independent random variables with the
same distribution functions and 0 < D¢, < 00, B3 = E(¢, — EE,)* < oo, then

<b1\/_> T (G <y) \/__LO e gt <fﬁ€—§-,

where a, = EE, (expectation of £,), b? = D&, = E(¢, — E&,)? (variance of &),
and 1/ /21 <c<0.82 (see [4, p. 159]).

max (2.1)

LEMMA 2. If {&} (i=1,2,..) are independent random variables with the
same geometric distribution

P(¢=k)=x*(1-x), O<x<l,i=12,.,

then

Eé=-—2—, Df,:(T_i;)—z

and n,=3"_, ¢, is a random variable with distribution

P(n,,=k)=<”+',§_1)xk(1—x)" (22)

(see [4, p. 132, Ex. 46, p. 133, Ex. 55, and pp. 303, 306]).
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Lemma 3. For every x€(0, 1), we have

_ 16x~32
| 5 ("+k 1>xk(1—x)"—%i< ox (2.3)

=
kiin+k)>x k \/;l-

Proof. By Lemma 2, we have

—1
3 <n+k )xk(l—x)”
kiin+ky>x k
n+k—1 nx
s (o)
k> nx/(1— x) k I—x
nx [ nx
:P<(ﬂn_—1—x>/ (1——x)2>0>' (2.4)
Using Lemma 1 with a; = x/(1 —x), b, = /x/(1 —x)?, we have
1, — 1x/(1 — x) > 1 * _p Bs
P(-————————>0 [T e al < . (25)
1 Jnx/(1—x) ,/ZRJO S (Sx/(1=x))
where
X 3 © x 3 .
= — = - 1—
By=E\l—7— kgok | *(t=x)
o0 \2 x 3
<Y (43 23k <— 5(1 = x).
k§0< TR k(l—x) =) )7 =
By an easy calculation we can show that
Y x(-x)=1, Y kxk(1—x)=——,
k=0 k=0 1 -—x
X +4x?+x

By<

X +4x+x 3x x(1+x) x \° <x 3< 16
(1-x)P° "1-x (1—x)? (1—x> >\(

On the other hand

1
2n

e 1
=,
L € 2

&‘
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By (2.5) and (2.6), it follows that

n+k—1)xk(1_x)n_%.<1 16 /(ﬁf

k/(n+k)>x( k \—\_/_r;(l—xf 1—x

Inequality (2.3) is proved.

LEMMA 4. For every ke N, xe(0, 1), we have

(n+k——1

. ) x5(1—x)" < 33/(/n x*2). (2.6)

Proof. By (2.2), we have

<n+k—1

: )xk(l—X)”=P(f1n=k)=P(k—1<nn<k)

=P<k— 1—nx/(1 —x)<r],,—nx/(1 —Xx)
Jnx/(1—x) Jnx/(1—x)
k—nx/(1—x)

S - >

Using the method of proof of Lemma 3, we can show that

1 k — nx/(1 — x)//nx/(1 — x)
N 27 Yk~ 1= nx/(1 = x)/\/nx/(1— x)

32
\/,;xs/z'

But the absolute value of the second term on the left-hand side of the last
inequality is less than (1 — x)/,/2nnx; hence

_ 42
e ’/Zdtls

33

P(n,=k)<————.
\/;xs/z
Lemma 4 is proved.

LEMMA 5. For xe (0, 1), ne N, we have

2
W) =X (1) @7)

n
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Proof. First

M ((t—x)%, x)=(n+1)(1 =x)" i (n+k+l>x —x)? dt

k—1 1 k+1
=(1—x) Z( ) 3 <n+7€_+1 x)
k+1
Jr(n+k+l x><n+k x>+<n+k x)]
i 1/ k+1 kN
=(1—x) k§0< ) [ <n+k+1—n+k)
k+1
+(n+k+1~x><n+k xﬂ
® 1 2
=(1=x) k§0< ) [§<(n+k+1)(n+k))
k41 k k ’
+<n+k+1 n+k)<n+k x>+<n+k x) ]
Using [5, (5.9.2)(59.7)], we obtain
L& ntk—1) , 1 n /1
(I—x) k§0< k )x '5((n+k+1)(n+k)) —0x<;)’
L& (nrk—1\ [ k ? x(1=x) 1
= Eo( k )x (m—_k_x> ol _ox@’
. S (n+k—1 k+1 k k
amo £ () )
i § ([

o n+k+ln+k n+k+1

< k \? x x ] 1
X — 0
n+k n+k+1 nt+k+1ln+k “\n)

Consequently (2.7) is proved.

LemMMma 6. If n is sufficiently large, x € (0, 1), then:

(1) For 0< y<x, we have

2x{1 — x)?

5
L—.
L H, (x, t)dt "= )

(2.8)
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(2) For x<z<1, we have

1 2x(1—x)?
L—7. .
L H,(x,t)dt T (2.9)
Proof. First, by (2.7), for n sufficiently large, we have
_ 2 . 1— 2
=X o (= x, ) <22 (2.10)
2n n
IfO0<y<x, te[0, y], then
x—t>1
x—y
By (2.10), for # sufficiently large, we have
v v (x—1\?
j H,(x, 1) dtgf < > H,(x, 1) di
0 o\X—Y
<! fl( 1) H,(x t)dt
<$—— | (x— (0
(x—y)*do
1 . 2x(1 —x)?
=——Q M, ((—x)%, x) S———.
()C— y)z (( ) ) I’l(X— y)z
Inequality (2.8) is proved. The proof of (2.9) is similar.
LEMMA 7. Fornz=2, 0<x<1, and m>1, we have
M (1= x)*, %) <Apyn ", (211)

where A, is independent of n and x (see [1, (2.1)]).

3. MAIN THEOREM

THEOREM. Let f be a function of bounded variation on [0, 1] and let
VE(g,) be the total variation of g, on [a, b]. Then, for every x€ (0, 1) and n
sufficiently large, we have

|M,(f, %) =3/ (x+)+ flx—))
X+ (1—x)/k

S 49
i 2, x—\r{ﬁ (gX)+\/r',x_3/2_|f(x+)_f(X—)|, (3.1)



CONVERGENCE OF INTEGRATED OPERATORS 251

where

) —flx+), x<i<l
gx(z): 05 [=Xx;
f)—flx—), 0<i<x

Proof. First
|M(f, x) = 3(f(x+) + f(x =)l
<M (g, x)+ 3 f(x+)— fx—)| IM,(sign(t — x), x)|.  (32)

This shows that to estimate |M,(f, x) — 4(f(x + )+ f(x — ))| we only have
to evaluate M, (g, x) and M, (sign(t — x), x).

We first estimate M, (sign(t — x), x). If k'/(n + k') < x < (k' + 1)/
(n+k"+1), then

M (sign(r — x), x)

= Y My(x)— > M. (x)
kitn+k)>x (k+ 1) (n+k+1)<x
p + Din+ K+ 1) x .
+(n+1)D di—| dz}M,,,(,(x)
x Yk in+ k')

def

= An(x)_ Bn(x) + Cn(x)9

where M, (x)=("*%-1) x*(1 —x)". By Lemma 3, we have

An(x)_— <

3| < T

But |C,(x}| < M ,,(x), so by Lemma 4, we have

1’ 16

1Calx)l <

33
\/; X3

Since B,(x)=|—A4,(x)— M,,.(x)|, we have

1 1 49
IB"(X)_E‘ < An(x)-.i} +Mnk’(x)<7;z—;c—§/‘2"
Consequently
o 98
| M ,(sign(t — x), x)} S———. (3.3)

\/i; X372
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To estimate M (g, x), we decompose [0, 1] into
. X X - 1—x
11=|:0,x__], Iz~[ x+ ] 13:[x+—,1].
7 BNCRAV- 7
Using (1.2), we have

Mg )= g.0) Hx, 1) di

~([ +[,+],) sao 5 0a

541 %)+ 4, X) + 45,40, %),

Letd, (x, 1) = {5 H,(x, u) du.
First, we evaluate 4, ,(f, x). For te [, we have

X+ (1—x)//n

xfx/\/r_:
and so
x+ (L—x)/n x4+ (1 —x)//n
o fl< V| (@) | Hwnd< N () (G4)
x—x/\/r—l h xfx/\/;;

Since the evaluation of 4, ,(f, x) is similar to work in [3], we shall
omit some details. Let y=x—x/./n Using partial Lebesgue-Stieltjes
integration, we find that

41,05 %)] = \ J| &0 d,2,0x, 1)

= e+ )2t )= [ B ) dogle)

<V (g htx)+ [ d =V ()
By (2.8), we have

x 1—x)> 2x(1—x)%p»
4101V (£ ZEI EE [ s a <V (20,

Furthermore, since

(x—y)
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we have

2x(1 =) (Valg) |,y (== i
b <P (YD [ g ),

X '

Replacing the variable ¢ in the last integral by x~x/\ﬂ, we find that

[ AT Y

1 n x
- x) dt '—E ( x)’
x—1) x (¢ g \X{f ¢

x—x//n 1x

Hence

0 <22 (Q JEY v <gx))

0 kiXX/k

A g
2L s \/f(gx). (3.5)
k=1x—x/

Using a similar method and (2.9), we obtain

4 n x+(17x)/\/lz
0<%V (g (3.6)

k=1 x

From (3.4)-(3.6) it follows that

. 5 n x+(1—-x)/\/z
X1 x—xp /%

The theorem now follows from (3.3) and (3.7).

4. REMARK

We shall prove that our estimate is essentially the best possible. Consider
the function f(t)=|t—x] (0<x<1) on [0, 1] By (2.10), for any smali é
and # sufficiently large, we have

. 1
M(1t =l x) = | x| H(x, 0 ds

:Uj: +L,Ax,>5) |t— x| H,(x, t) dt

2x(1 —x)?

— (4.1)

1
<5+—j (t—x)? H,(x, ) d1 <6 +
o Jo
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and

- x+é
M=t %)= [ 1=l Hy(x, 1) de

x—0

>1 x+ 06 2H d
=% I— n\"vs
(SLﬁa( x) (x, t) dt
_1

) Uol _[fl—xl>51| (t—x)* H,(x, t) dt

x(1—=x)* 1 )
2_‘_‘——_—_—_ - b3 .
5 5£t L H G d
Using (2.11), we have
f (t—x)* H (x, t)dt< M ((1—x)* x)<—A—2
lt—x[>é6 52 ’ 52712,

where A4, is a constant. Hence

X(l—x)z A2

W1t -xl, x) > 25
= x], x) > 22—

(4.2)

Choosing 8 =2 ./ A4,/nx(1 — x)% we obtain from (4.1) and (4.2) that

3201 _ )y . a2y -12
XU ar (r—x), )G D)
8. /A4;n nA,

On the other hand, from (3.1), since \V/i*% (f)=a+ B, it follows that

- 5
|31,(f; x) f(x)l<EkZl VRO oONE(f)

5 n

<n—xk§l7ﬁ7ﬁ:-

Hence, by comparing (4.3) and (4.4), we see that (3.1) cannot be
asymptotically improved for a function of bounded variation.

Finally, we mention that, using the method of this paper, we can obtain
other, similar results on Meyer—Konig and Zeller operators.

(4.4)
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